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The generation and detection of mesoscopic entanglement would have major fundamental and ap-
plicative implications. In this work, we evaluate the entanglement arising between two homogeneous
levitated nanobeads interacting through the Coulomb potential, Newton’s gravitational potential,
and the Casimir potential. We identify such levitated quantum systems as good candidates for
measuring entanglement due to the Casimir effect, and discuss the challenges involved in probing
gravitational entanglement with them.
Introduction. – The mastery over levitated optome-
chanical systems in the laboratory is becoming increas-
ingly refined. With advances in cooling to the ground-
state [1–4] and in the preparation of squeezed states [5],
compounded by the ability to implant charges into lev-
itated nanobeads [6], setups are reaching unprecedented
levels of control. As optomechanical systems have shown
significant potential for sensing applications [7, 8], espe-
cially with regards to measuring gravitational parame-
ters [9–11], the engineering of schemes to entangle mul-
tiple levitated oscillators and, more broadly, mesoscopic
systems, is being identified as a major medium-term mile-
stone of the field [12]. In fact, the entanglement for a
number of mesoscopic systems has already been demon-
strated experimentally [13–15], although a more thor-
ough and exhaustive understanding of the conditions un-
der which entanglement may be generated is required to
move on to applications. Entanglement also acts as an
unambiguous hallmark of non-classicality, and entangle-
ment between mesoscopic systems can aid the quest of
mapping the transition from the quantum to classical
scale [16, 17]. Recent proposals concerning the funda-
mental nature of gravity have considered quantum entan-
glement as generated by a Newtonian potential between
two massive quantum systems [18, 19]. In general, the
detection of entanglement as generated by gravity has
significant ramifications, in the attempt to feed theories
of quantum gravity with new empirical evidence at low
energies [20, 21].
Is it possible to entangle two levitated systems through
direct interaction? In this work, we consider fundamental
or effective central potentials of the form 1/rn, for inte-
ger n and where r = |r1 − r2| with position vectors r1
and r2 acting between two spherically symmetric quan-
tum systems. Crucially, we ask whether minimal initial
state preparation, such as squeezing, as opposed to se-
vere requirements of preparing the highly non-Gaussian
states (as, for example, envisaged in [18]) is enough, and
whether the witnessing of the generated entanglement is
possible simply by measuring position–momentum cor-
relations. To address these questions, we quantify the
leading-order contribution to entanglement within the
continuous-variable (CV) framework for both the dy-
namical generation of entanglement from initial squeezed
states of the interacting oscillators and for the system’s
steady-state in the presence of noise. In addition, we
propose an entanglement witness to detect such entan-
glement. We shall discuss three specific cases (see Fig.
1a): (i) the Coulomb potential between charged spheres,
(ii) the Newtonian potential for two gravitating spheres,
which we treat as point masses, and (iii) the Casimir
potential between two homogeneous, spherical objects.
Dynamics. — We begin by considering two optome-
chanical spheres trapped next to each other. The non-
interacting system Hamiltonian Hˆ0 describing the har-
monic motion for both spheres in the trap is given by
Hˆ0 =
1
2
m1 ω
2
1 xˆ
2
1 +
1
2
m2 ω
2
2 xˆ
2
2 +
pˆ21
2m1
+
pˆ22
2m2
, (1)
where m1 and m2 are the system masses, ω1 and ω2 are
the respective mechanical trapping frequencies for each
sphere, and xˆi and pˆi with i = 1, 2 are the position and
momentum operators for system 1 and 2 respectively.
We now consider a generic central potential of the form
α/|r1−r2|n, where α is the coupling constant and r1 and
r2 are position vectors. To derive the Hamiltonian inter-
action term, we assume that the movement of the spheres
is constrained in all but the x-direction. We consider
small perturbations to r1 and r2, such that r1 → r1 − x1
and r2 → r2 − x2, with x1  r1 and x2  r2. By denot-
ing r = r1 − r2 and ∆x = x1 − x2, we Taylor-expand the
interaction to second order in ∆x:
1
(r −∆x)n =
1
rn
+ n
∆x
rn+1
+
n(n+ 1)
2
(∆x)2
rn+2
+ . . . , (2)
where we have ignored the dimensional prefactor α and
all O [(∆x)3]. We then quantise the positions of the two
masses around their equilibrium positions and promote
the position coordinates to operators: xi → xˆi. For grav-
ity, this step incorporates the assumption that gravity is
a quantum force which can path-entangle two quantum
systems [18].
The interaction term in the Hamiltonian thus becomes
HˆI = α
n
rn+1
(xˆ1 − xˆ2) + α n(n+ 1)
2rn+2
(xˆ1 − xˆ2)2, (3)
where we have ignored the constant term. Since all
quadratic Hamiltonians are invariant up to a displace-
ment term [22], we can discard the first term in Eq. (3).
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2The final term, however, contains a mixing of the po-
sition operators in the form xˆ1xˆ2, which will generate
entanglement between the two states.
Since the full Hamiltonian is quadratic, all initial
Gaussian states exclusively evolve into Gaussian states.
Furthermore, all Gaussian states are uniquely defined
by their first and second moments, which allows us to
model this system completely within the covariance ma-
trix framework [22]. We introduce the 4 × 4 two-mode
covariance matrix σ, defined as σ(t) = Tr
[{rˆ, rˆT} ρˆ(t)]
for the state ρˆ(t) and the vector of operators rˆ =
(xˆ1, pˆ1, xˆ2, pˆ2)
T. The covariance matrix σ(t) evolves as
σ˙ = A(t)σ + σAT(t) +D, (4)
where A(t) = ΩH(t) − κ I4/2 is a drift matrix that in-
corporates the Hamiltonian matrix H defined by Hˆ =
rˆTH rˆ/2, and D = (2Nth + 1)κ I4, with κ being the
phonon dissipation rate, Nth the number of thermal
phonons present in the system and I4 the 4 × 4 iden-
tity matrix. Finally, Ω is the symplectic form defined
in this basis as Ω =
⊕n
j=1 ω with ω =
(
0 1
−1 0
)
. To
determine the Hamiltonian matrix, we write xˆ′i and pˆ
′
i
as xˆi =
√
~/(mi ωi)xˆ′i and pˆi =
√
~mi ωipˆ′i. We now
assume that m1 = m2 = m, and ω1 = ω2 = ωm for
notational simplicity. The full Hamiltonian now reads
Hˆ =
~ωm
2
(
xˆ′21 + pˆ
′2
1
)
+
~ωm
2
(
xˆ′22 + pˆ
′2
2
)
+
α ~
ωmm
n(n+ 1)
2 rn+2
(xˆ′1 − xˆ′2)2. (5)
In what follows, we will rescale the laboratory–time t by
ωm, such that the rescaled time τ is given by τ = ωmt.
This yields the Hamiltonian matrix H¯ = H/(~ωm):
H¯ = H0 + 2α¯H
(1)
I − 4α¯H(2)I , (6)
where for convenience we have defined the dimensionless
coupling α¯ = αn(n+ 1)/(2ω2mmr
n+2), and where H0 =
I4 is the Hamiltonian matrix governing the free evolution
with H
(i)
I denoting the Hamiltonian matrices responsible
for the interaction. They will induce the entanglement
and are given by
H
(1)
I =
1 0 0 00 0 0 00 0 1 0
0 0 0 0
 H(2)I =
0 0 1 00 0 0 01 0 0 0
0 0 0 0
 . (7)
We note that H
(2)
I is of the form of two-mode squeezing,
which implies that the system will not display periodic
behaviour.
Entanglement in the CV framework can be computed
by dividing σ into submatrices σA,σB and σAB as such:
σ =
(
σA σAB
σAB σB
)
. (8)
(a) (b)
(c) (d)
(e) (f)
FIG. 1: (a) Comparison between the different couplings α¯
for the Coulomb, Newtonian, and Casimir potentials given
the values in Table I. (b) EN as a function of time τ for
z = 1 and different values of α¯. (c) EN as a function of time
τ for different squeezing parameters z and α¯ = −0.01. (d)
detM as a function of time τ for different z and α¯ = −0.1.
(e) EN as a function of time τ for increasingly noisy
systems with decoherence rate κ¯ at α¯ = −0.1. (f) EN as a
function of time τ for different values of squeezing z with
decoherence rate κ¯ = 0.05 at α¯ = −0.1.
We define the symplectic invariant quantity ∆ =
detσA + detσB + 2 detσAB . In this basis, the partial
transpose is equivalent to setting pˆi → −pˆi for one sub-
system, which implies ∆ → ∆˜ = detσA + detσB −
2 detσAB . The positive partial transpose (PPT) cri-
terion for two-mode Gaussian states can thus be com-
pactly expressed as detσ − ∆˜ + 1 ≤ 0 [22]. For bi-
partite states, this is a necessary and sufficient condi-
tion [23]. To quantify the entanglement, we calculate
the logarithmic negativity EN of the state, defined by
EN (σ) = max (0,− log2 ν˜−), where ν˜∓ are the symplec-
tic eigenvalues of the state, defined for bipartite systems
as ν˜2∓ =
(
∆˜∓
√
∆˜2 − 4 detσ
)
/2.
As an initial state, we consider a two-mode mechan-
ically squeezed state σS = diag(z, z
−1, z−1, z). Note
that the squeezing occurs in the opposite quadrature.
When z = 1, the state is a coherent state with σ0 =
diag(1, 1, 1, 1). There are many ways to mechanically
squeeze the system, including controlling the trap fre-
quency or using a Duff non-linearity [24], and thermal
squeezing has been experimentally realised in [5].
Results. — For the system to be thermally stable, we
require that the rescaled Hamiltonian matrix H¯ in Eq. (6)
obeys H¯ > 0, meaning all the eigenvalues of H¯ must be
positive [22]. The eigenvalues λi for i = 1, 2, 3, 4 of H¯ are
3given byλ1,2 = 1, λ3 = 1 − 2α¯, and λ4 = 1 + 6 α¯. Thus
the overall restriction for stable dynamics is α¯ < 1/2 if
α¯ is positive, or |α¯| < 1/6 if α¯ is negative. In this work,
we will always consider α¯ ∈ (−1/6, 1/2).
We now proceed to compute the entanglement EN .
While an analytic expression for EN is available, it is too
long to reproduce here. Instead, we plot the entangle-
ment EN for different values of α¯ in Fig. 1b for coherent
states with z = 1. Next, in Fig. 1c we plot the same
general dynamics for α¯ = −0.1 but for different z. It is
evident that entanglement is affected by both the value
of α¯ and the squeezing z.
Entanglement witness. — A CV entanglement witness
can be constructed by considering the subdeterminants
of matrices constructed out of expectation values [22, 25].
For a linearised central-potential interaction, the follow-
ing CV witness will detect entanglement:
M =

1 〈aˆ〉 〈aˆ†〉 〈bˆ†〉
〈aˆ†〉 〈aˆ†aˆ〉 〈aˆ†2〉 〈aˆ†bˆ†〉
〈aˆ〉 〈aˆ2〉 〈aˆaˆ†〉 〈aˆbˆ†〉
〈bˆ〉 〈aˆbˆ〉 〈aˆ†bˆ〉 〈bˆ†bˆ〉
 , (9)
where aˆ, aˆ† are operators acting on the first subsystem
and bˆ, bˆ† are operators acting on the second subsystem.
The state is entangled when detM < 0. These expec-
tation values can be measured experimentally by noting
that aˆ = (xˆ1 + pˆ1)/
√
2. The position is generally mea-
sured to great accuracy for levitated nanobeads by in-
terferometric techniques [4, 26], while momentum can be
measured as position after a quarter of a time period of
free evolution of a harmonic oscillator.
To compute the expectation values in Eq. (9) from
σ(τ), we define the characteristic function χG of a Gaus-
sian state χG(r) = e
− 14rTΩTσΩreir
TΩTr′ , where r is a
vector of first moment coordinates. The expectation val-
ues are related to χG(r) by 〈aˆ†maˆn〉 = Tr
[
aˆ†maˆnρ
]
=
(∂ξ)
m
(−∂ξ∗)n χG(ξ)
∣∣
ξ=0
. In our basis with xˆi and pˆi, it
follows that xi = (ξ
∗+ ξ)/
√
2 and pi = i(ξ
∗− ξ)/√2. We
have plotted detM in Fig. 1d for α¯ = −0.1 and different
values of z.
Noisy dynamics. — We consider two types of noisy
dynamics: damping of the oscillator motion in terms
of phonon decay, where we denote the rescaled phonon
decay rate by κ¯ = κ/ωm, and the number of thermal
phonons Nth present in the system. We evolve the sys-
tem through Eq. (4) to find that the entanglement slowly
decreases with time τ . Fig. 1e shows EN as a function
of rescaled time τ for a noisy environment for different
κ¯ at α¯ = −0.1. Similarly, in Fig. 1f, we have plotted
EN as a function of rescaled time τ for different squeez-
ing values z. We note that while increasing z causes EN
to grow at first, higher squeezing rates also makes the
system more sensitive to noise over time [27]. The differ-
ent curves bunch together around the second peak near
τ = 2pi, showing that squeezing is effective only in the
short-term.
(a) (b)
(c) (d)
FIG. 2: (a) Density plot of EN for the steady state as a
function of α¯ and κ¯ at Nth = 0. (b) Density plot of EN for
the steady state as a function of Nth and κ¯ at α¯ = −0.1. (c)
Density plot of detM as a function of α¯ and κ¯ at Nth = 0.
(d) Density plot of detM as a function of Nth and κ¯ for
α¯ = −0.1.
Steady state entanglement. — We can now insert our
Hamiltonian matrix H and solve the matrix equation
Aσ∞ + σ∞AT + D = 0 for the steady state σ∞. We
find the following elements of σ∞:
σ
(∞)
11 =
96 α¯2 − 12 Γ α¯− Γ2
192 α¯2 − 16 Γ α¯− Γ2 (2Nth + 1)
σ
(∞)
22 =
192 α¯3 − 8 (5 κ¯2 − 16) α¯2 − 20 Γ α¯− Γ2
192 α¯2 − 16 Γ α¯− Γ2 (2Nth + 1)
σ
(∞)
12 = −
2 α¯ κ¯(24 α¯− Γ)
192 α¯2 − 16 Γα¯− Γ2 (2Nth + 1)
σ
(∞)
13 = −
8 α¯Γ
192 α¯2 − 16 Γ α¯− Γ2 (2Nth + 1)
σ
(∞)
14 = −
4 α¯ κ¯Γ
192 α¯2 − 16 Γ− Γ2 (2Nth + 1), (10)
where Γ = κ¯2 +4. All other elements follow by symmetry
from the fact that σT∞ = σ∞.
Let us analyse the covariance matrix elements in
Eq. (10) to draw conclusions about the entanglement
present in the steady state σ∞. The off-diagonal covari-
ance matrix elements σ13 and σ14 scale asymptotically
with κ¯−2, and κ¯−1 respectively, since Γ ∝ κ¯2 for κ¯  1.
As information about entanglement is contained in the
off-diagonal elements of σ∞, it follows that the logarith-
mic negativity EN will decrease as κ¯ increases. We have
plotted this behaviour in Fig. 2a for a range of interaction
strengths α¯ ∈ (−0.1, 0.1). As κ¯ increases, the logarithmic
negativity EN decreases rapidly. Furthermore, all ele-
ments in Eq. (10) are proportional to the term (2Nth+1).
To compute the quantity ∆˜, we take the determinants of
all the submatrices, meaning that ∆˜ ∝ (2Nth + 1)2. To
see how this affects the entanglement, we write the PPT
criterion as detσ + 1 ≥ ∆˜, meaning that the larger ∆˜
4is, the more difficult it is to violate the inequality. Thus,
increasing Nth has a severe effect on the entanglement.
This becomes evident in Fig. 2b, where we plot EN as
a function of Nth and κ¯ at α¯ = −0.1. We note that
very low noise-levels are required to detect entanglement
in the steady state. The same holds in Fig. 2c and 2d,
where we plot det M for the steady state. In 2d, we have
set all values of detM > 0 to zero as well for clarity.
Discussion and implementation. — We now specialise
to the following three potentials: (i) the Coulomb poten-
tial, (ii) the Newtonian potential and (iii) the Casimir
potential. They are given by, respectively:
α¯Cl =
q1q2
4pi0 r3mω2m
, α¯Nw = − Gm
r3 ωm
,
α¯Cs = − 28
(4pi0)2
23 ~ cR6
4pi r9mω2m
(
− 1
+ 2
)2
, (11)
where q1 and q2 are the charges on the bipartite sys-
tem, 0 is the vacuum permittivity, ~ is Planck’s reduced
constant, c is the speed of light, R is the radius of the
spheres, and  is the relative permittivity of the system.
Finally, G is Newton’s constant, and m is mass of both
systems. We have plotted these potentials as functions
of distance r in Fig. 1a using the values in Table I.
Coulomb potential. — We consider two optomechani-
cal spheres with charges q1 = −q2 = e. The number of
charges on each sphere can be controlled to exquisite pre-
cision by using ultraviolet light [28]. Linearised Coulomb
interactions are commonly considered in trapped ions,
and have also led to the generation of entanglement [29]
but have not yet been implemented for optomechanical
systems, although a proposal was put forward in [30].
With the parameters in Table I, it is possible to achieve
a coupling α¯Cl ≈ −0.115, meaning entanglement due to
direct Coulombic interactions should be readily imple-
mentable for levitated systems.
Newtonian potential. — We first compute the en-
tanglement for the parameters suggested in [18]. With
m = 10−14 kg, r = 200 × 10−6 m and ωm = 102 Hz,
we find α¯Nw = 8.342510
−16. This will not yield any
detectable entanglement within this scheme. Further-
more, even if these figures were more lenient, there is the
added complication that the Casimir potential will typi-
cally dominate over gravity for all parameter choices. In-
creasing m also increases the radius R = [3m/(4piρ)]
1/3
,
which strengthens the Casimir potential. Nevertheless,
we compute α¯Nw from the parameters found in Table I,
where we make the optimistic assumption that ωm can
be made as small as 10 Hz. For these values, we still only
find α¯Nw = −8.77 × 10−7. Again, entanglement, given
this interaction strength is not likely to be detectable in
the near term.
Casimir potential. — Finally, the Casimir potential is
the most promising effect to be measured with levitated
nanobeads; see Fig. 1a, where the Casimir effect domi-
nates at small r. Crucial for applications in nanoscale
devices [31], especially as a source of non-contact fric-
tion [32–34], the Casimir effect has been considered in
optomechanics as a method for entangling a nanobead
and moving mirror [35], or two directly interacting mir-
rors [36]. With the values in Table I, we find α¯Cs =
−0.114, where the radius is given by R = [3m/(4piρ)]1/3
for density ρ = 3539 kg m−3 of diamond. We expect
entanglement due to the Casimir potential to be experi-
mentally accessible in the near future.
Conclusions. — In this work, we computed the en-
tanglement due to a generic central-potential interaction
between two trapped nanobeads. We derived the Hamil-
tonian matrix for a linearised potential and investigated
the entanglement arising between two initially squeezed
states for unitary and noisy dynamics. Furthermore, we
derived an analytic expression for the steady-state of the
system in the noisy setting and proposed a continuous-
variable entanglement witness. Most importantly, we
found that levitated spheres are exceptionally well-suited
for measurements of entanglement due to the Casimir po-
tential. As the state preparation occurs through easily
implementable Gaussian methods, while the witnessing
of entanglement only requires position and momentum
measurements, we believe that our methodology will ex-
pedite the detection of entanglement between two levi-
tated nanobeads due to their Casimir interaction. We
further conclude that this particular setup will not be
sufficient to detect entanglement due to gravity. The in-
clusion of non-Gaussian resources might play a significant
role here, a question we leave for future work.
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Coulomb potential
Parameter Symbol Value
Mechanical frequency ωm 10
2 Hz
Charge q1, q2 1.602× 10−19 C
Oscillator mass m 2× 10−16 kg
Separation r 10−5 m
Coupling strength α¯Cl −0.115
Newtonian potential
Mechanical frequency ωm 10 Hz
Oscillator mass m 10−14 kg
Separation r 10−5 m
Coupling strength α¯Nw −8.77× 10−7
Casimir potential
Mechanical frequency ωm 10
2 Hz
Oscillator mass m 10−14 kg
Separation r 5× 10−4 m
Relative permittivity  5.7
Density ρ 3539 kgm−3
Sphere radius R 8.77× 10−7 m
Coupling strength α¯Cs −0.114
TABLE I: Values used to compute the strength of the
Coulomb, Newtonian and Casimir potentials.
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